The behavior of nonperturbative parts of the isovector-vector and isovector and isosinglet axialvector correlators at Euclidean momenta is studied in the framework of a covariant chiral quark model with nonlocal quark-quark interactions. The gauge covariance is ensured with the help of the P -exponents, with the corresponding modification of the quark-current interaction vertices taken into account. The low-and high-momentum behavior of the correlators is compared with the chiral perturbation theory and with the QCD operator product expansion, respectively. The V − A combination of the correlators obtained in the model reproduces quantitatively the ALEPH data on hadronic τ decays, transformed into the Euclidean domain via dispersion relations. The predictions for the electromagnetic π ± − π 0 mass difference and for the pion electric polarizability are also in agreement with the experimental values. The topological susceptibility of the vacuum is evaluated as a function of the momentum, and its first moment is predicted to be χ ′ (0) ≈ (41 MeV) 2 . In addition, the fulfillment of the Crewther theorem is demonstrated.
I. INTRODUCTION
The vector (V ) and axial-vector (A) current-current correlators are fundamental quantities of the strong-interaction physics, sensitive to small-and large-distance dynamics. They serve as an important testing ground for QCD as well as for effective models of strong interactions. In the limit of the exact isospin symmetry the V and A correlators in the momentum space (with −q 2 ≡ Q 2 ≥ 0) are defined as (1.5)
Recently, the inclusive nonstrange V and A spectral functions have been determined separately and with high precision by the ALEPH [1] and OPAL [2] collaborations from the hadronic τ -lepton decays (τ → ν τ + hadrons) in the interval of invariant masses up to the τ mass, 0 ≤ s ≤ m 2 τ . The difference of the V and A correlation functions is very sensitive to the details of the spontaneous breaking of the chiral symmetry. In particular, the behavior of this combination is constrained by the chiral symmetry in the form of sum rules obtained through the use of the optical theorem [3, 4, 5, 6] . The experimental separation of the V and A spectral functions allows us to accurately test the chiral sum rules in the measured interval [1, 2] . The coefficients of the Taylor expansion of the correlators at Q 2 = 0 are expressed in terms of the low-energy constants of the chiral perturbative theory(χPT) [6] . On the other hand, the large-s behavior of the correlators can be confronted with perturbative QCD thanks to the sufficiently large value of the τ mass. In the high-s limit Π V (Q 2 ) and Π A (Q 2 ) are dominated by the free-field correlator, corrected by nonperturbative terms with inverse powers of Q 2 . This follows from the fact that the correlators can be represented by an operator product expansion (OPE) series and thus are sensitive to the nonperturbative physics at smaller energy scales [7] . Recently, the interest in the OPE expansion has been revived due to a possible appearance of unconventional quadratic power corrections, ∼ 1/Q 2 , found in [8] , and also observed in lattice simulations [9] . The ALEPH and OPAL data have been intensely used in the literature in order to place limits on the leading coefficients of the χPT and OPE expansions (see, e.g, [10, 11, 12, 13, 14, 15] ).
The aim of this work is to calculate the nonperturbative parts of the V and A current-current correlators in the kinematic region reaching up to moderately large Euclidean Q 2 and to extract experimentally observed characteristics. The calculations are carried out in the effective chiral model with nonlocal quark-quark interactions, which is made covariant by the inclusion of P -exponents in the non-local interaction vertex. A specific prescription for the Wilson lines and their differentiation, described in Sec. III, follows exactly Ref. [16] . That way the model is made consistent with the gauge invariance and can be used to analyze the V and A correlators. The model is a nonlocal extension of the well-known Nambu-Jona Lasinio model. Moreover, its nonlocal structure may be motivated by fundamental QCD interactions induced by the instanton and gluon exchanges, which induce the spontaneous breaking of the chiral symmetry and generate dynamically a momentum-dependent quark mass. From the point of view of the standard OPE, the whole series of power corrections characterizes nonlocal properties of the QCD vacuum and may be described in terms of the nonlocal vacuum condensates [17, 18] . The use of a covariant nonlocal low-energy quark model based on the self-consistent approach to the dynamics of quarks has many attractive features, as it preserves the gauge invariance, is consistent with the low-energy theorems, as well as takes into account the large-distance dynamics controlled by the bound states. Similar models with nonlocal four-quark interaction have been considered earlier in, e.g., [19, 20, 21, 22, 23, 24, 25, 26, 27, 28] and applied to describe various low-energy phenomena.
Nonlocal models have an important feature which makes them advantageous over the local models, such as the original Nambu-Jona-Lasinio model. At high virtualities the quark propagator and the vertex functions of the quark coupled to external fields reduce down to the free quark propagator and to local, point-like couplings. This property allows us to straightforwardly reproduce the leading terms of the operator product expansion. For instance, the second Weinberg sum rule is reproduced in the model [25] , which has not been the case of the local approaches. In addition, the intrinsic nonlocalities, inherent to the model, generate unconventional power and exponential corrections which have the same character as found in [8] and in the instanton model (see e.g. [13] ). Recently, the nonlocal effective model was successively applied to the description of the data from the CLEO collaboration on the pion transition form factor in the interval of the space-like momentum transfer squared up to 8 GeV 2 [29, 30] . Importantly, in that study at zero photon virtualities the chiral anomaly result were reproduced, while at high photon virtualities the factorization of short and long distances occurs at a scale of the order of 1 GeV 2 . This allowed for the extraction of the pion distribution amplitudes of leading and next-to-leading twists. There are several further advantages in using the nonlocal models compared to the local approaches. The non-local interactions regularize the theory in such a way that the anomalies are preserved [31, 32] . In other regularization methods in the local models [33, 34, 35 ] the preservation of the anomalies can only be achieved if the (finite) anomalous part of the action is left unregularized, and only the non-anomalous (infinite) part is regularized. Next, with non-local interactions the model is finite to all orders in the 1/N c (loop) expansion. Finally, as shown in [27] , stable solitons exist in a chiral quark model with non-local interactions without the extra constraint that forces the chiral fields to lie on the chiral circle.
In the present paper we further test the nonlocal quark model by carrying out an analysis of the momentum dependence of the current-current correlators. A transformation of the spectral functions measured by the ALEPH collaboration into the Euclidean momentum space allows us for a precise an unambiguous comparison of the experimental data with the model calculations. The paper is organized as follows. In Sect. II, we briefly recall the results of the chiral perturbative theory and operator product expansion concerning the V and A correlators. In Sect. III and IV, we outline the gauged nonlocal quark model and introduce the quark-current vertices. Then, we derive the expressions for the nonperturbative parts of transverse V and A correlators (Sect. V) and, after fixing the model parameters in Sect. VI, confront the results with the available experimental data at large (Sect. VII) and low (Sect. VIII) Euclidean momenta. We explicitly demonstrate the transverse character of the V and nonsinglet A correlators
According to Witten, if the bare u and d quarks were massless and the mass shift were negative, the charged pions would become tachyons destabilizing the QCD vacuum. Whereas WSR I and DMO are low-energy sum rules (in the sense that the right-hand sides involve correlators at low momenta), and are reproduced in most low-energy effective quark models, WSR II is a high-momentum sum rule. In local models it is not reproduced, as discussed shortly. The DMGLY sum rule collects contributions from the whole range of Q 2 , both soft and hard. The left hand sides of the sum rules (2.1)-(2.4) have been determined with the experimental data from [1] and [2] , with s 0 taken as the upper limit of the interval of the invariant mass covered by the experiment. The right-hand sides of the sum rules are the theoretical predictions as s 0 → ∞. The DMO sum rule relates the derivative of Q 2 times the correlator to the square of the pion decay constant f π = (92.4 ± 0.3) MeV [37] obtained from the decays π − → µ − ν µ and π − → µ − ν µ γ, to the pion axial-vector form factor F A = 0.0058 ± 0.0008 for the radiative decays π − → l − ν l γ, and to the pion charge radius-squared r 2 π = (0.439 ± 0.008) fm 2 obtained from a one-parameter fit to the space-like data [38] . In χPT a combination of these quantities is proportional to the low-energy constant L 10 , c.f. Eq. (2.3).
The listed chiral sum rules provide important restrictions on the correlators at low and high energies. The first Weinberg sum rule (2.1) fixes the normalization of correlators and holds in all variants of the Nambu-Jona-Lasinio models, local or nonlocal. In general, the coefficients of the Taylor expansion of the correlators at low Euclidean momenta are given by the low energy constants of the strong chiral Lagrangian. The second Weinberg sum rule (2.2) gives the leading asymptotics of the high-energy power expansion, and as such is valid in the nonlocal versions of the effective chiral quark models [25] . In local models WSR II involves on the right-hand side the large constituent quark mass, M q , instead of the small current quark mass, m c , thus is violated badly. In this regard the nonlocal models are highly rewarding.
More detailed short-distance, or large Q 2 , properties of the correlators are represented by the QCD operator product expansion [7] . For the V − A and V + A combinations the OPE provides the following leading-twist terms:
where in the calculation of the dimension d = 6 matrix elements the factorization hypothesis, i.e. the saturation of the four-quark matrix elements with the intermediate vacuum state has been assumed. The V − A correlator does not acquire any perturbative contribution in the limit of massless quarks, hence it is sensitive entirely to the chiral symmetry breaking parameter. Already at relatively small Q 2 the d = 6 term dominates in the expansion of Π V −A . On other hand, the sum of the correlators, Π V +A , supplied with small power corrections, is close to the free-field result for distances up to 1 fm [13] , with the d = 2 term dominant. The magnitudes of the condensates which appear in the OPE are fitted to various hadronic observables. Clearly, their determination is bound to carry experimental and theoretical uncertainties. In this work, for comparison to other model results, we use the following typical values of the condensates found via standard QCD sum rules without and with the inclusion of the d = 2 term:
From Gell-Mann-Oakes-Renner relation follows an estimate for the quark condensate multiplied by the current quark mass,
The above values hold at a typical renormalization scale of about 1 GeV.
III. GAUGING NONLOCAL MODELS
In local theories, the gauge principle of the minimum action uniquely determines the interaction of the matter fields with the gauge fields. However, in nonlocal theories such an interaction may be introduced in various ways, and its transverse part cannot be uniquely defined [40] . In order to obtain the nonlocal action in a gauge-invariant form with respect to external fields V and A, we define the delocalized quark field, Q, with the help of the Schwinger gauge phase factor, a.k.a. the Wilson line or the link operator,
Here V a µ (z) and A a µ (z) are the external gauge vector and axial-vector fields, respectively, and P is the operator of ordering along the integration path, with y denoting the position of the quark and x being an arbitrary reference point. The P operator arranges the matrices in each term of the expansion of the exponent from the left to the right in the order determined by the point z moving along the path from x to y.
We start with the nonlocal chirally invariant action which describes the interaction of soft quark fields. The nonlocal four-quark interaction is depicted in Fig. 1 . The soft gluon fields have been integrated out. The corresponding gaugeinvariant action for quarks interacting through nonperturbative exchanges can be expressed in a form similar to the Nambu-Jona-Lasinio model [16] where in the simplest version of the model the spin-flavor structure of the interaction is given by matrix product
In Eq. (3.2) q = (u, d) denotes the quark flavor doublet field, G is the four-quark coupling constant, and τ a are the Pauli isospin matrices.
The delocalization of the quark fields with the inclusion of the path-ordered Schwinger phase factors, Eq. (3.1), ensures the gauge invariance of the nonlocal action (3.2). However, the presence of these factors modifies the quarkcurrent interaction, as shown graphically in Fig. (2) . The presence of these terms, required by the gauge principle, poses a technical difficulty in dealing with nonlocal models, as many diagrams appear in the analysis of physical processes. The ambiguities in making the nonlocal 4-quark interaction gauge invariant are manifest in the pathdependence in the definition (3.1), as well as in the choice of the junction of the quark sources with the gauge strings. In general, the Noether currents consist of two components: the path-independent longitudinal part and the pathdependent transverse part. The dependence of the transverse component on the choice of the path is a feature of any method employed in constructing the Noether currents corresponding to a nonlocal action, and this freedom is immanent to the formulation of the model. We should recall here that the discussed ambiguities in the construction of the transverse parts of the Noether currents are by no means specific to chiral quark models. They also appear, e.g., in nuclear physics when one considers meson-exchange processes. To summarize, the choice of the path in Eq. In what follows, we use the formalism [20, 40] based on the path-independent definition of the derivative of the integral over a line for an arbitrary function F µ (z):
This choice effectively means that the differentiation involves moving the end-point of the line only, with the other part of the line kept fixed. As a result, the terms with nonminimal coupling, which are induced by the kinetic term of the nonlocal action, are omitted. In general, external fields entering into Eq. (3.2) are arbitrary auxiliary fields; however, some of them can be associated with electromagnetic, weak, or strong interactions. In the case of the electromagnetic interactions, the gauge factor takes into account the effects of the radiation of the photon field when the two quarks are moving apart. This formalism was used in [20, 21, 23, 24, 25] to represent the nonlocal interaction in a gauge-invariant form. The incorporation of a gauge-invariant interaction with gauge fields is of principal importance if one desires to treat correctly the hadron characteristics probed by external currents, such as hadron electromagnetic and weak form factors, structure functions, distribution amplitudes, etc.
In Eq. (3.2) the functions f (x n ), normalized to f (0) = 1, form the kernel of the four-quark interaction and characterize the space-dependence of the order parameter of the spontaneous chiral-symmetry breaking. Thus, the interaction is treated in the separable approximation. The choice of the nonlocal kernel in the form of (3.2) is motivated by the instanton-induced nonlocal quark-quark interaction [19] , where the nonlocal function f (x n ) is related to the quark zero mode emerging in the instanton field [18, 19] . To have the same flavor symmetry as in the original instanton-induced 't Hooft determinant interaction one needs to add yet another piece of the form
with the coupling G ′ = −G. This term will be important in the discussion of the isosinglet axial currents in Sect. X. In the present work we do not consider an extended version of the model that explicitly includes vector and axial-vector degrees of freedom [23] . In order to compute physical quantities we must first determine the full quark propagator and the full vertices for the vector and axial-vector currents. All calculations will be done in the leading order of the 1/N c expansion, also referred to as the one-quark-loop level or the ladder approximation. In the nonlocal model the dressed quark propagator, S(p), with the momentum-dependent quark scalar self-energy (mass), M (p), is defined as
Note that the considered model involves a constant quark wave-function renormalization function, Z(p) = 1. The equation for the quark propagator in the ladder approximation, also known as the gap equation,
has the formal solution [23] of the form with constant M q ≡ M (0) determined dynamically from Eq. (3.7). The quark self-energy is depicted in Fig. (3) . Note that the functions f (p) are treated non-dynamically, i.e. their dependence on p is fixed, while M (p) is dynamical. Below, in most cases we use the strict chiral limit, m c = 0. Furthermore, the integrals over the momentum are calculated by transforming the integration variables into the Euclidean space, (k
IV. CONSERVED VECTOR AND AXIAL-VECTOR CURRENTS
The Noether currents and the corresponding vertices are formally obtained as functional derivatives of the action (3.2) with respect to the external fields at the zero value of the fields. For our purpose, it is necessary to construct the quark-current vertices that involve one or two currents (contact terms). In the presence of the nonlocal interaction the conserved currents include both local and nonlocal terms. In order to expand the path-ordered exponent in the external fields, we use the technique described in [20] (see also [16, 23] ). Briefly, this method is as follows. First, the Fourier transform of the interaction kernel in Eq. (3.2) is obtained and expanded in the Taylor series. Next, the momentum powers are replaced by the derivatives acting on both the path-ordered exponent and the quark fields. Finally, the inverse Fourier transform is performed and summation is carried out again. The relations (3.4) and
where
is an arbitrary function, are frequently used in the procedure described above [65] . The longitudinal projection of the above relation is
2)
The algebra needed to obtain the vertices with this method is straightforward but somewhat tedious, hence below we present only the final results. The vector vertex following from the model (3.2) is (Fig. 4 )
is the finite-difference derivative of the dynamical quark mass, q is the momentum corresponding to the current, and k (k ′ ) is the incoming (outgoing) momentum of the quark, k ′ = k + q. The finite-difference derivative of an arbitrary function F is defined as
Thus, with the gauging prescription given by (3.2) and (3.4), one gets the minimum-coupling vector vertex without extra transverse pieces. The form of the vertex is the same as the longitudinal vector vertex resulting from the Pagels-Stokar construction [42] . The vertex satisfies the proper Ward-Takahashi identity:
The vector vertex (4.3) is free of kinematic singularities and for this reason was advocated long ago in [42, 43] . For the case of the momentum-independent mass, as in local models, the vertex (4.3) reduces to the usual local form, Γ a µ = T a γ µ . The bare axial-vector vertex obtained from the action (3.2) by the differentiation with respect to the fields is given by the formula (cf. Fig. 4 ) where we have introduced the notation
where u = k 2 and (in the Euclidean space)
In Refs. [16, 41] it was demonstrated that in order to obtain the full vertex corresponding to the conserved axialvector current it is necessary to add the term which contains the pion propagator. The presence of this term is associated with the well-known pion-axial vector mixing. The addition of the term with the pion propagator exactly cancels the third term in Eq. (4.6), and the full conserved vertex acquires the form (cf. Figs. (5) and (6))
It satisfies the axial Ward-Takahashi identity,
The axial-vector vertex has a kinematic pole at q 2 = 0, a property that follows from the spontaneous breaking of the chiral symmetry in the limit of massless u and d quarks. Evidently, this pole corresponds to the massless Goldstone pion. We also need the vertices that couple two currents to the quark (cf. Fig. 2 ). In this regard it is convenient to introduce the notation
and
where the second finite-difference derivative is defined by
Further, we need to introduce
With the above definitions one gets for the V V contact term
For the AA contact term one finds
An additional term appears for the AA iso-triplet contact term
In the above expressions T r denotes the trace over flavor, color, and Dirac indices.
In the following we also need to introduce the polarization operator in the pseudoscalar channel (cf. Fig. 7 ),
and the correlator of the axial current vertex (4.6) and the pion vertex (cf. Fig. 8 )
defined by
Through the use of the gap equation (3.7) and the expression for the pion decay constant, f π , given by [19, 23] 26) these correlators have the following expansion at zero momentum:
In (4.26) we have used the notation u = k 2 and M ′ (u) = dM (u)/du. In Eq. (4.24) the quark-pion coupling, g
, and the pion decay constant, f π , are connected by the Goldberger-Treiman relation, 28) which is verified to be valid in the nonlocal model [23] , as requested by the chiral symmetry.
V. CURRENT-CURRENT CORRELATORS (TRANSVERSE PARTS)
Our goal is to obtain the nonperturbative parts of the current-current correlators from the effective model and to compare them with the existing τ decay data. The current-current correlators may be represented as a sum of two terms, dispersive (Fig. 9) and contact ( Fig. 10) , namely .3) results from the necessity of taking into account the rescattering diagrams in the axial channel of the pseudoscalar (π or η ′ ) mesons (Fig. 9 ). The correlators (5.1) are defined in such a way that the perturbative contributions are subtracted, The perturbative part is obtained from the non-perturbative part by simply setting the quark mass to zero. We extract the longitudinal and transverse parts of the correlators through the use of the projectors
The vertices Γ
We first consider the transverse part of the V correlator, with the result
where the notation k
2 and k ± = k ±Q/2 has been introduced. The subtraction of the perturbative part amounts to the replacement 1
Further, we take the nonsinglet transverse projection of the A correlator and obtain
The resummation of the quark rescattering in the current-current correlator in the axial-vector channel.
FIG. 10:
The contact terms in the current-current correlators.
Let us consider the difference of the V and A correlators, where a number of cancellations takes place and the final result is quite simple,
One may explicitly verify that the integrand of the above expression is indeed positive-definite, irrespectively of the choice of the mass function M (p). Thus the Witten inequality (2.5) is indeed fulfilled.
At Q 2 = 0 one gets the results consistent with the first Weinberg sum rule,
where the explicit definition of the pion decay constant (4.26) is used. This serves as a useful algebraic check.
VI. MODEL PARAMETERS
The parameters of the model are fixed in a way typical for effective low-energy quark models. We request that the pion decay constant f π , (4.26), and the quark condensate (for a single flavor), <qq >, given by
acquire their physical values. For simplicity, we take profile for the dynamical quark mass in a Gaussian form
With the model parameters At large Q 2 one finds the following expansion for the difference and sum of the correlation functions in the inverse powers of Q 2 (we do not display here the exponentially-suppressed terms coming from powers of the dynamical quark-mass form factor):
where in order to get the first term in (7.1) we have restored a small current quark mass in (3.8) and used the definition of the quark condensate (6.1). The effective model considered here is designed to describe low energy physics. At high energies it is certainly not expected to reproduce all the details of the asymptotic standard operator product expansion of QCD. On other hand, it is possible that the OPE works well only at very short distances while the effective model is applicable at large and intermediate distances. With this hope in mind we proceed to analyzing the large-Q 2 expansions of the correlators, comparing them numerically to the OPE results, and trying to match the two approaches. It is important to note that the power corrections in the expansions (7.1) and (7.2) have the same inverse powers of Q 2 as the OPE. We may now compare the expansion of the model correlators to the OPE , Eqs. (2.6,2.7). Let us first discuss the V − A correlator (7.1). In Eq. (7.1) the formally leading d = 4 term reproduces the result of the second Weinberg sum rule and is fully consistent with the OPE. The fact that the leading term in Eq. (7.1) has the correct structure follows formally from the fact that when the large momentum goes through one quark line, the dynamical quark propagator is reduced to m c /Q 2 , while the other soft quark generates the quark condensate, in accordance to OPE. The second term in Eq. (7.1) (and the last term in Eq. (7.2)) is proportional to the derivative of the gluon condensate, and via equations of motion it reduces to the four-quark condensate term appearing in the OPE, Eqs. (2.6,2.7). Let us compare the numerical estimates for the local d = 6 terms obtained from the QCD sum rules and from the nonlocal chiral quark model, labeled as NχQM:
The first estimate is found on the basis of low energy theorems and QCD sum rules [7] , while the second estimate is made with the help of the τ -decay data [11] . The result of the present model is closer to the standard estimate obtained from the low-energy phenomenology. Similar features of the short-distance behavior of the correlators were found in the instanton model [13] . In the V + A correlator (7.2) the short-distance expansion contains, in addition to the contributions coming from the local operators, the unconventional terms originating from the nonlocal operators of dimension d = 2, 4 and 6 (the first terms in Eq. (7.2)). This kind of unconventional terms has recently attracted attention due to the revision of the standard OPE [8] , as well as the lattice findings, where the unconventional power corrections in the vector correlators were reported [9] . The appearance of this correction is usually related to the existence of the lowest d = 2 condensate A a µ 2 , which is due to an apparent gauge non-invariance, absent in the standard OPE. However, in a series of papers ( [44, 45] , and references therein) it was argued that it is possible to define the nonlocal operator with the lowest dimension in a gauge-invariant way . This situation is very similar to the famous spin-crisis problem (cf. [46] ). Analogously, in that case there is no twist-two gluonic operator that may contribute to the singlet axial current matrix element, yet, it is possible to construct the matrix element from nonlocal operators [47] . We thus see that our effective nonlocal model shares these unusual effects generated by the internal nonlocalities of the quark interaction. Furthermore, the lowest-dimension power corrections are naturally present in the approaches similar to the analytic perturbative theory [49] . In that case in order to compensate the effects of the ghost pole in the strong coupling constant, the d = 2 power term is added. As discussed in Ref. [39] , the justification of the appearance of the unconventional power corrections at the same time means that the standard OPE is valid only at very large momenta.
We also wish to comment that in the model expansion of the V + A correlator there are no explicit terms with the gluon condensate. This is due to the simple form of the quark propagator (3.6), which does not allow gluonic correlations between different points. However, these (numerically small) terms may be reconstructed (cf. [34] ).
We end the discussion of the short-range behavior of the correlators by giving the numerical estimates of the additional terms appearing in Eq. (7.2):
The sum of these terms, taken in the interval of momenta Q 2 ∼ (1 ÷ 2) GeV 2 where the model large-Q 2 expansion is expected to be valid, agrees reasonably well with the coefficient of the leading power correction in Eq. (2.7)
where we have taken the estimate (α s /π) λ 2 = −0.12 GeV 2 from Ref. [39] .
VIII. LOW-ENERGY OBSERVABLES AND THE ALEPH DATA
Let us now consider the low-energy region where the effective model (3.2) should be fully predictive. From (5.11) and the DGMLY sum rule (2.4) we estimate the electromagnetic pion mass difference to be
which is in remarkable agreement with the experimental value (after subtracting the m d − m u effect) [6] [
By calculating the derivative of Π V −A Q 2 at zero momentum we estimate, with the help of the DMO sum rule (2.3), the chiral constant
which should be compared to the experimental value of [10] [
obtained from the τ decays. The model value is somewhat smaller than the experiment. Still, bearing in mind the approximations made (such as the leading-N c treatment, meaning the absence of pion loops), the agreement is remarkable. The value of the pion charge radius squared,
obtained from the derivative of the charged pion form factor, is close to its limit of the local chiral model, found long ago by Gerasimov [50] ,
Both above predictions for r 2 π are smaller than the experimental value of 0.44 fm 2 . The reason for this discrepancy may be again attributed to pion loops, absent in the large-N c treatment.
It is interesting to estimate the electric polarizability of the charged pions, [51, 52] . With the help of the DMO sum rule, as done by Gerasimov in [50] , we find
where I DMO is the left-hand side of the DMO sum rule (2.3),
Equation (8.7) can be interpreted as a sum of the center-of-mass recoil contribution and the intrinsic pion polarizability. From Eq. (2.3) also follows the relation obtained by Terentyev [53] , which relates the pion polarizability and the pion axial-vector form factor,
The last relation, used with the known values for F A , yields
In [50] it was demonstrated that in model calculations there occurs a delicate cancellation between the two contributions of Eq. (8.7). With I DMO = −4L 10 we find from Eqs. (8.3) and (8.5)
This result is close to the prediction of the chiral perturbation theory at the one-loop level [54] , 12) and a factor of 2 smaller from the estimates obtained in a local chiral quark model [55] , α π ± = 5.8 · 10 −4 fm 3 . With the experimental value for the pion mean squared radius and the value of the I DMO integral estimated from the ALEPH and OPAL data one gets from Eq. (8.7) the result [2] 
We thus see that the model prediction for the pion polarizability, Eq. (8.11), is in a very reasonable agreement with the experimental data. Next, we compare the model correlators with the ALEPH data, presented in Fig. 11 . The ALEPH and OPAL data integrated up to the τ mass satisfy all chiral sum rules within the experimental uncertainty, but the central values differ significantly from the chiral model predictions. Following Ref. [13] we use s 0 = 2.5 GeV 2 as an upper integration limit, the value at which all chiral sum rules are satisfied assuming that v 1 (s)−a 1 (s) = 0 above s 0 . Finally, a kinematic pole at q 2 = 0 is added to the axial-vector spectral function. The resulting unsubtracted dispersion relation between the measured spectral densities and the correlation functions becomes 14) where f 2 π is given by the WSR I,
Having transformed the data into the Euclidean space, we may now proceed with the comparison to the model, which obviously applies to the Euclidean domain only. Admittedly, in the Euclidean presentation of the data the detailed resonance structure corresponding to the ρ and a 1 mesons seen in the Minkowski region is smoothed out, hence the verification of model results is not as stringent as would be directly in the Minkowski space. In Fig. 12 we show the normalized curves corresponding to the experimental data and the model prediction. We also show the prediction of the model of Ref. [15] (minimal hadronic approximation, MHA [56, 57] ) discussed in the literature meet definite difficulties in the description of the ALEPH data in the region of moderately large Q 2 . In Fig. (13) we also present the ratio of the nonperturbative parts of the V − A (5.11) to V + A correlators in the nonsinglet channel.
To conclude this Section we wish to recall that quite similar calculations of the vector and isovector axial-vector correlators within a nonlocal model were done some time ago by Holdom and Lewis [41] . There are certain differences in the form of the nonlocal interaction and, as a consequence, the form of quark-current vertices is different. A more principal difference is that the authors of [41] have chosen a"two phase" strategy, by describing the low-energy part of correlators by full nonperturbative vertices and propagators, while the high energy parts were computed in the approximation when one of the vertices is local. In this case the problem of matching of two regimes occurs already at rather low energy scales. In the present calculations one prolongs the applicability of the model up to moderately large energies, which inter alias results in a good description of the ALEPH data. On other side, we have to admit that one of the goals of both approaches, namely the finding of a direct correspondence between the effective model calculations and the OPE in QCD has not yet been reached (see Sect. VII). To make correspondence closer it is necessary to supply the model with a more detailed information on the soft quark-gluon interaction.
IX. CURRENT-CURRENT CORRELATORS (LONGITUDINAL PARTS)
In this Section we demonstrate explicitly the transverse character of the V and isovector (IV) A correlators (Figs. (9) and (10)). For the longitudinal component of the V correlator we get
and therefore
as it certainly should be by the requirement of the vector current conservation. Further, we consider the longitudinal projection of the A correlator. Then, we get contributions from the onequark-loop diagram
3) the two-loop diagram in the isovector channel 5) and, finally, from the two-loop contact diagram in the isovector channel
The sum of all these contributions leads to the desired result
consistent with the isovector axial current conservation in the strict chiral limit.
X. SINGLET AXIAL VECTOR CURRENT CORRELATOR AND THE TOPOLOGICAL SUSCEPTIBILITY
The cancellations in the longitudinal channels are consequences of the current conservation and follow simply from the application of the nonanomalous Ward-Takahashi identities. We have explicitly demonstrated this in the previous Section in order to show the consistency of our calculations. The issue becomes important when we consider the longitudinal part of the isosinglet axial-vector current correlator which is not conserved due to the U A (1) axial AdlerBell-Jackiw anomaly. This channel is dominated not by the pion, but by the η ′ -meson intermediate state. Thus, in addition to the nonlocal interaction present in Eq. (3.2) we also need to include the interaction (3.5), where an exchange of the "η" singlet meson, the SU (2) analog of the η ′ meson, occurs. It is well known that due to the anomaly the singlet axial-vector current is not conserved,
where Q 5 (x) is the topological charge density. The correlator of the singlet axial-vector currents has the same Lorentz structure as in Eq. (1.2), but without flavor indices and with T a ≡ 1. In the strict chiral limit its longitudinal part is related to the topological susceptibility, the correlator of the topological charge densities Q 5 (x),
by the relation (see, e.g., (10.4) where the perturbative contributions have been subtracted, and the exponential corrections are due to nonlocal instanton interactions [58] . At low Q 2 the nonperturbative part of χ Q 2 can be represented as a sum of contributions coming purely from QCD and from hadronic resonances, [58] (10.5) where the first term has been found in [60] . Crewther proved the theorem [61] that χ (0) = 0 in any theory where at least one massless quark exists. Also, the contribution of nonsinglet resonances is absent in the chiral limit. Thus, in the low-Q 2 limit for massless current quarks one has
The estimates of χ ′ (0) existing in the literature are rather controversial [66] :
This makes further model estimates valuable. Now we turn to our model calculation. The bare isosinglet axial-vector current obtained from the interaction terms (3.3) and (3.5) by the rules described in Sect. IV becomes
where J AP (q 2 ) is defined in Eq. (4.7). In order to get the full current we have to consider rescattering in the channel with the quantum numbers of the singlet pseudoscalar meson , "η", which results in
Because of the singlet axial anomaly this current does not contain the massless pole anymore, since according to Eq. (4.27) one has at zero momentum:
Instead, it develops a pole at the "η" meson mass. The vertices satisfy the anomalous Ward-Takahashi identities:
and 12) where the last term is due to the anomaly. By considering the forward matrix element (q = 0) one deduces that the singlet axial constant is not renormalized within our scheme: G
A (0) = 1. In order to get reduction of the singlet axial constant ("spin crisis") we need to consider the effects of polarization of topologically neutral vacuum (see, e.g., [46] ).
It is instructive first to consider the longitudinal part of the correlator of the local vertex, γ µ γ 5 , and the nonlocal vertex of Eq. (10.9), which is the construction of Pagels and Stokar [42] . In this model the decay constant is defined by Then, through the use of Eq. (10.3) we get for the topological susceptibility the result 14) with the coefficients of the low-Q 2 expansion given by physical observable, f π , and thus we believe that the presented predictions may be not far from more realistic model calculations. In the region of small and intermediate momenta our results are quantitatively close to the predictions of the QCD sum rules with the instanton effects included [58] . In our opinion, both the instanton-based calculations (our model with (G ′ = −G) and the interpolation of the model [58] ) overestimate the instanton contributions in the region Q 2 ∼ 0.5 − 2 GeV 2 . It would be interesting to verify the predictions given in Fig. 14 by the modern lattice simulations.
XI. CONCLUSIONS
In this work we have analyzed the nonperturbative parts of the Euclidean-momentum correlation functions of the vector and axial-vector currents within an effective nonlocal chiral quark model. To this end, we have derived the conserved vector and isotriplet axial-vector currents and demonstrated explicitly the absence of longitudinal parts in the V and nonsinglet A correlators, which is consequence of the gauge invariance of the present approach. On the other hand, the singlet A correlator gains an anomalous contribution. From the properties of the V − A correlator we have shown the fulfillment of the low-energy relations. The values of the π ± − π 0 electromagnetic mass difference, the electric pion polarizability, and the chiral coupling constant L 10 are estimated and found to be remarkably close to the experimental values. In the high-energy region the relation to OPE has been discussed. In particular, the estimate of the 1/Q 2 coefficient is in agreement with the recent lattice findings and the modified OPE phenomenology. We stress that the momentum dependence of the dynamical quark mass is crucial for the fulfillment of the second Weinberg sum rule. The combination V − A receives no contribution from perturbative effects and provides a clean probe for chiral symmetry breaking and a test ground for model verification. We have found that our model describes well the transformed data of the ALEPH collaboration on the hadronic τ decay. The combination V + A, on the other hand, is dominated by perturbative contributions which are subtracted from our analysis. By considering the correlator of the singlet axial-vector currents the topological susceptibility has been found as a function of the momentum, and its first moment has been predicted to be χ ′ (0) ≈ (41 MeV) 2 . In addition, the fulfillment of the Crewther theorem has been demonstrated.
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